CONGRUENCES CONCERNING LEGENDRE POLYNOMIALS II 



^ ■ ZHI-HoNG Sun 

o: 

CN ■ School of Mathematical Sciences, Huaiyin Normal University, 

bJ[> Huaian, Jiangsu 223001, PR China 

^ I E-mail: zhihongsun@yahoo.com 

■ Homepage: http://www.hytc.edu.cn/xsjl/szh 

cn" 



Abstract. Let p > 3 be a prime, and let m be an integer with p \ m. In the paper we 
I solve some conjectures of Z.W. Sun concerning X^^Zq (^^) /m^ (mod p^), X^^Zg (^fc^) (2^) 

■ (modp) and EfeZg (^fe'') (2^)/™'' (mod p^). in particular, we show that Efelo ^k) = ^ 
(mod p'^) for p = 3,5,6 (mod 7). Let Pn{x) be the Legendre polynomials. In the pa- 
per we also show that PjP](t) = ~(^) X^^Zj (- ^ — — 1^ (mod p) and determine 

Pp^(V2),Pp^(2^),Pp^(y^),Pp-i(^),Pp^(y^),Pp^(2^) (modp), where t 



(N 



X 



2 2 2 2 2 2 



is a rational p— integer, [a;] is the greatest integer not exceeding x and ( — ) is the Legendre 



symbol. As consequences we determine P[P](t) (modp) in the cases t = 
confirm many conjectures of Z.W. Sun. 
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1. Introduction. 



?H \ Let p be an odd prime. Following [A] we define 



P-l r, 

2 /p— 1 \ /P— 1 



fc=0 \ / V / 



It is easily seen ([S3, Lemmas 2.2 and 2.4]) that 

LI) { ^ ]= tHtt (mod p) and 2 ^ (mod p^) 

^ \ k J {-AY ^' \ 2k J (-16)^= ^ ^ ' 

Thus, by Fermat's little theorem, for any rational p-integer A, 

(mod p) 



' '2kY^\\k 



^feA).E(t)( 

fc=0 ^ ^ 
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For positive integers a,b and n, if n = ax^ + by^ for some integers x and y, we briefly 
say that n = ax^ + hy"^. In 1985, Beukers[B] conjectured a congruence for A{p^ 1) (mod p^) 
equivalent to 

^^"^^/^ (?)^ _ / (mod p2) if p = 3 (mod 4), 



A;=0 



— 2p (mod p^) if p = + 42/^ = 1 (mod 4). 



This congruence was proved by several authors including Ishikawa[Is] (p = 1 (mod 4)), van 
Hamme[vH](p = 3 (mod 4)) and Ahlgren[A]. In 1998, by using the hypergcomctric series 
3F2(A)p over the finite field Fp, Ono[0] obtained congruences for A{p,\) (mod p) in the 
cases A = —1, —8, — 1,4, 1,64, g^, see also [A]. Hence from (1.2) wc deduce congruences for 

p — 1 2 

Yl,k=o ^ ( A; ) (i^od p) in the cases m = 1, —8, —64, 256, —512, 4096. Recently the author's 
brother Zhi-Wei Sun[Sul,Su3,Su4] conjectured corresponding congruences modulo p^ . In 
particular, he conjectured that 



_ f (mod if p = 3, 5, 6 (mod 7), 

4a;2 - 2p (mod p^) if p = a;^ + Ty^ = 1,2, A (mod 7). 



We note that p \ (^^^ for 2±i < k < p — 1. In the paper, by using Legendre polynomials 
we partially solve Zhi-Wei Sun's such conjectures. For example, we prove (1.4) in the case 
p = 3, 5, 6 (mod 7). 

Let {Pn{x)} be the Legendre polynomials given by 

Po{x) = 1, Pi (a;) = X, {n+l)Pn+i{x) = {2n+l)xPn{x) - nPn-i{x) {n > 1). 

It is weU known that (see [MOS, pp. 228-232], [G, (3.132)-(3.133)]) 

(1.5) Pn{x) = ^^y ( "i] {-If " ^^V""'' = • #^(^' - 

k=Q ^ ^ ^ ^ 

where [x] is the greatest integer not exceeding x. From (1.5) we see that 

(1.6) Pn{-X) = Pn{x), P2m+l(0) = and P2m{0) = ^7dr{ 

In the paper we deduce our main results for congruences from the identity X^^^q Ck) ^2k) 

= Pn{VT+^?- 

Let Z be the set of integers. For a prime p let Zp be the set of rational numbers whose 
denominator is coprime to p, and let (^) be the Legendre symbol. On the basis of the work 
of Ono[0] (see also [A, Theorem 2] and [LR]), in [S3, Theorem 2.11] the author showed that 
for a prime p > 3 and t e Zp, 



„ /-6\^^ /x^ -3(t^ + 3)x + 2t(t'^ -9)\ , , , 
(1.7) P^{t) ^ -(— ) E ( ^ ^ -) (^°dp). 

^ x=0 ^ 



In the paper, using (1.7) we prove that 



(1.8) it) - - (-) E ( ) p) 

^ x=0 ^ 



As consequences of (1.8), we determine -P[f](— f), -P[f](~i)) -^[f](~i|) (niod p) and use 

them to solve Z.W. Sun's conjectures on YfCl Ck) iik) 1^^ (^^^ p) and Efc=i (t)^ (Jfc) Z™'' 
(mod p^), see [Sul]. For instance, for any prime p > 7, 



^ (JTQ ^ r 4C72 (mod p) ifp=l,2,4(mod7)andsop = C2 + 7L>2^ 
^ SI'' ~l0(modp2) if p = 3,5,6 (mod 7). 

2. Congruences for Pp-i (-y/^) and -P[|](t) (mod p). 
Lemma 2.1. Let p he an odd prime and /c G {0, 1, . . . , [|]}. Then 



[f ] + ^ 

2A; / 



Proof. Suppose r = 1 or 3 according as 4 | p — 1 or 4 | p — 3. Then clearly 



and 



2k J {2ky. 

_ (4A; - r)(4A; - r - 4) ■ • • (4 - r) ■ r(r + 4) ■ ■ • (4/c + r - 4) 

" ^~ 42^= ■ {2ky. 



22fc.(2A;)!-42fc.(2/c)! (-64)^ 



(mod p) 



^_^^^fp-l-2k 
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^^^(p-l-2fc)(p-2-2/c)---(p-(2^ + 2/c)) 
— l^-i-J ^ 



2 • 



(2fc + l)(2fc + 2)---(i^ + 2fc) ^ (i^ + 2fc)(£^ + 2fc-l)---(^ + l) 

2^! {2k)l 
(«-l),«-3)...3.1_ (4.)! 



22fc.(2/c)! 22fc.(2/c)! -22^.(2 A;)! 24^ \^2/c 



This proves the lemma. 
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Lemma 2.2. Let p be an odd prime and let t be a variable. Then 
Proof. It is known that ([G, (3.135)]) 

(-) -4o^|:(:)("r)(iii)'. 

Observe that i^^^i^X^) = C2k)Ck)- (2-1) and Lemma 2.1 we have 



This yields the result. 

Lemma 2.3. Let p be an odd prime and let t be a variable. Then 

k=0 V / V / fe=0 \ / \ / 



Proof. This is immediate from Lemma 2.2 and (1.6). 
Lemma 2.4. Let p be an odd prime and let x be a variable. Then 

b/4] Mfc\ (2k\ 

(V^)^P^(v^) = (-1)151 J2 64^ ^ "^"^ p). 

fc=0 



Proof. From (1.5) we see that 

b/4] /p-i- 

fe=0 

Thus applying (1.1) and Lemma 2.1 we obtain 

[p/4] 



Noting that (-^) = (— I)'*] we then obtain the result. 
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Lemma 2.5. Let p be an odd prime and let a; e Zp with x ^ 0,1 (mod p). Then 

Proof. By (1.6), Lemmas 2.2 and 2.4 we have 

= {^{\fx)^ Pv-x {\fx) (modp). 

Therefore, 



(64a;) 



^ ^VlSl (x/( J- 1) " ^) = " D 

= ( ~^^'^~^^ )(V^)^P^(V^) (modp). 

This completes the proof. 

Lemma 2.6. Le^ p > 3 be a prime and u & l^p. Then 

^ /-6\^ /ux^ -3{u + 3)x + 2{u-9)\ 
iV^) - P^(v^) = -(^ ^ 1 ^ (modp). 

Proof. For t & Zp with t ^ (mod p), by (1.7) we have 

P,_, (t) ^ _(^Z^) 2 ^ ^3_3(^2^3)^^2t(t^-9) ^^ 



a::=0 
-1 



_ ~^ j ^ '^^^^ - 3(t^ + 3)te + 2t{t^ - 9) ^ 



/-6t\^ /t2a;3-3(t2 + 3)a; + 2(t2-9)\ , ^ , 
= -[^)2:[ j (--dp). 

^ a;=0 ^ 

Hence, if tt = for some t e Zp with t ^ (mod p), then 

-3\ ^ fux^ - 3{u + 3)x + 2{u - 9) 



(2x/^) 2 P^(x/^) = (2t) ^ P^(t)^-i^—)}_^(^ ^ ^ 

^ x=0 ^ 

= -( — j ^((x^ - 3a; + 2)u - 9x - 18)^ (mod p). 



This is also true for m = since X)a=o( ~%~^^ ) = 0- Set 

f{u) = (2v^) Vp^(^) + ( — j ^((x^ -3x + 2)u -9x- 18) V. 

^ a;=0 

Then f{u) = (mod p) for « = 0^, 1^, 2^, . . . , (^^)^. From the proof of Lemma 2.4 we know 
that (201)^ i^£^(v^) is a polynomial of m with degree 2— and integral coefficients. 
Thus f{u) is a polynomial of u with degree at most and integral coefficients. As 
f{u) = (mod p) for u = 0^, 1^, 2^, . . . , (^^)^, using Lagrange's theorem we see that all 
the coefficients in f{u) are divisible by p. Therefore, f{u) = (mod p) for every u E Zp. 
This yields the result. 

Now we are ready to prove the following main result. 

Theorem 2.1. Let p be a prime greater than 3 and t E'Zp. 
(i) Ift^O (mod p), then 

[p/4] 



fe=0 \ / \ / 



(ii) We have 



%.'-)-Eg)(-)(\^)---(^)E( "-"q---- )(^oa.. 

fc — 3/ — 

Proof. By Lemmas 2.5 and 2.6 we have 

%(2A-i) 

rt\, r^p-i , /-6t\ ^ -3(t + 3)a; + 2(t-9)\ , , , 
" (-)(V^)^^'V(^) " -(— ) E ( ^ -) (-odP)- 



x=0 

This together with Lemmas 2.2 and 2.3 gives the first part. Substituting t by ^ and 
noting that 

a;=0 ^ a;=0 ^ 

^ ^^3 _ 3(3^^ + 9^ + 7. 



= (y)E( 



.=0 
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we then obtain the second part in the case t ^ —1 (mod p). When t = —1 (mod p) we have 
P[.](-l) = (-l)[f] = (f )and 

E (^) - E (^^^i^) = E (^) - (^) ^ -(^ 

a;=0 a;=0 x=0 y f 

Thus the second part is also true for t = — 1 (mod p). The proof is now complete. 
Corollary 2.1. Let p > 11 he a prime and t e Zp. Then 

a;=0 ^ ^ x=0 ^ 

Proof. Since P[R]{t) = (-!)[? ]P[|] (-t), by Theorem 2.3(ii) we obtain 

a;=0 ^ 

^ (_l)[f] g (- ^^-^^^^-9^ + 7 a ^ g /(--)^ + ^(-x) - 9t + 7^ 



.Ox -a;3 I 3(3t-5) y 

= (;)E( % ) (-°<irt. 

By Weil's estimate ([BEW, p. 183]) we have 

.a;3 _ 3(3t+5) ^ |PZ3 .a;3 , 3(3t-5) Q^_^ 

|^(^ 2 "^ + ^^+^ )|<2VP and |^( ^ ^ ^ )| <2VP- 

a;=0 ^ x=0 ^ 

Since < p for p > 17, from the above we deduce the result. 

For any prime p > 3, in [Sul] Zhi-Wei Sun conjectured congruences for YTk=o m'^'' 
(mod p^) in the cases m = 48, 63, 72. Now we confirm his congruences modulo p. 

Theorem 2.2. Let p he a prime greater than 3. Then 

[p/4] /4fe\ /2fe\ [p/4] /4/c\ I2k\ 



_j (— 1) ''4^ (|)2a (mod p) if 4 \ p — 1, p = a'^ + b'^ and 4 \ a — 1, 
(mod if p = 3 (mod 4). 

Proof. From [BEW, Theorem 6.2.9] or [SI, (2.15)-(2.16)] we have 

— 'x^ - 4x\ f -2a if p = 1 (mod 4), p = a"^ + 46^ and a = 1 (mod 4), 



E(^)-{ 



if p = 3 (mod 4). 



Thus taking t = 9 in Theorem 2.1(i) we deduce the result. 
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Theorem 2.3. Let p be a prime greater than 3. Then 

c- [p/4] f4:k\ (2k\ [p/4] /4fc\ (2k\ 

Mf](, 3; - 48^ ~^ ^ ^(-192)'= 

k=G k=Q ^ ' 

2A (mod p) if ^ \ p - I, p = + 2,3"^ and 2, \ A - I, 
(mod p) if p = 2 (mod 3). 

Proof. It is known that (sec for example [SI, (2.7)-(2.9)] or [BEW, pp. 195-196]) 

(23) y^ p^ + 8 \ [ -2-4(|) if 3 b - 1, p = + 35^ ^nd 3 | A - 1, 

^ W I ifp = 2 (mod3). 

Thus, putting t = — 3 in Theorem 2.1(i) we deduce the result. 
Theorem 2.4. Let p ^ 2,3,7 be a prime. Then 

„^ [p/4] /4fcW2fe\ [p/4] /4k\(2k\ 

P ( - _^ = "S^ bfcj I k ) ^ ('_n[f] bfcj I fc ) 

MfH^ 63/ ~ ^ 63^= ~^ ^ ^ (-4032)fc 

fe=0 fc=o ^ ' 

_ r 2C(f )(f ) (mod p) ifp =1,2,4 (mod 7) and so p = + 7D^, 
\ (mod p) if P = 3, 5, 6 (mod 7). 

Proof. Putting t — —63 in Theorem 2.1(i) we have 

%(-i) 

[p/4] /4fc\ (2k\ [p/4] /4fc\ /'2fc\ 

E \2k) { k ) ^ bfcJ I fc ) 

63fc - ^ (-4032)^= 
fe=0 fc=o ^ ^ 

^-6-(-63)j^|^-63a;3 + 180a;-144^ _ ^^-42 j g ^^7x3 - 20x + 16^ 

. -(^) E (iii.^) . -(z^) £ (%^) (.0. 

a;=0 a;=0 

From [R1,R2] we have 

^ + 21^2 + 112x^ _ j -2C(f ) if p = 1, 2, 4 (mod 7) and so p = + 7D^, 

if p = 3, 5, 6 (mod 7). 



^ ^x^ + 21x'^ + 112x^^ _ 

x=0 ^ 



As x^ + 21x^ + 112x = {x + 7y - 35{x + 7) - 98 we have 

g l^x^ + 21x^ + 112x j - ^(J^ ~ ~^^) (^'^^"^^ ~ 35(-7a;) - 98^ 



(^)|:(^^) 



x=0 

and so 

x=0 ^ 

Now combining all the above we deduce the result 
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7x3 -5a; + 2 ^ ^ J (^_-^>^e^2C{^) if p = 1, 2, 4 (mod 7) and p = + 7L»2^ 
if p = 3,5,6 (mod 7). 



Theorem 2.5. Let p ^ 2,3,7 be a prime. Then 

Pp^ (3/r/8) 

2C (mod p) ifp = 1, 9, 25 (mod 28),p = C^ + TD"^ andA\C -I, 

-2v/7L> (mod p) ifp = 11, 15, 23 (mod 28), p = C^ + 7D^ and4:\D- 1, 

(mod p) ifp = 3, 5, 6 (mod 7) 

and 

(-l)[f]PH^(v^) 

2C (mod p) ifp = 1, 9, 25 (mod 28), p = + 7D^ andA\C -I, 

2D4^ (mod p) ifp = 11, 15, 23 (mod 28), p = C^ + 7D^ and4:\D- 1, 

(mod p) if P = 3, 5, 6 (mod 7). 

Proof. From Lemma 2.5 and Theorem 2.4 we have 



-63\ / 65 

-rrp 



p J ^4JV 63. 

2C(f)(y) (modp) ifp = 1,2,4 (mod 7) and so p = + 7L>2^ 
(mod p) if p = 3, 5, 6 (mod 7). 

Now suppose p = 1, 2, 4 (mod 7) and so p = + 7D'^. By [S2, p.l317] we have 

_ r (^) (modp) if p= 1,9,25 (mod 28) and C= 1 (mod 4), 
^^■^^ ^ ^ ~ I -(f )g (modp) if p = 1,9,25 (mod 28) and i:> = 1 (mod 4). 

Thus, noting that 3^(f) = (^)(f) = (-1)^ (mod p) we get 

Pp^(3\/7/8) 

-(3v^)-^-(l)(7) 

7" V2C(^f ) = 2C (mod p) if p = 1 (mod 4) and 4 | C - 1, 

-;-^^2C(f ) = = -2^/^D (mod p) if p = 3 (mod 4) and 4 | L» - 1. 

Taking x = -63 in Lemma 2.5 we obtain (V^)'^ Pp^iV^) = (^7)"^ Pe^{^) 
(mod p). Now combining aU the above wc obtain the result. 

Theorem 2.6. Let p be an odd prime. Then 

f (-l)^2a (mod p) if 8 \ p - 1, p = a"^ + Ab^ and A \ a - 1, 

Pp-i (^p) = <i 46 (mod p) i/ 8 I p - 5, p = + 46^ and 4 | 6 - 1, 

[ (mod p) ifp = 3 (mod 4). 
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Proof. Taking a; = 9 in Lemma 2.5 we have (^^) (^) Pp^ (^) = (^) P[|](-|) 
(mod p). Thus applying Theorem 2.2 we have 

{2^ • 2a (mod p) if p = 1 (mod 4), p = + 46^ and 4 | a - 1, 
O(modp) ifp = 3(mod4). 

It is well known that (see [BEW, Theorem 8.2.6]) 

p-i ( (—1)^ (mod p) if p = 1 (mod 8), 
2 4 = < 

I ^ (mod p) if p = 5 (mod 8), p = + 46^ and b = a = l (mod 4). 
Thus the result follows. 

Theorem 2.7. Let p be an odd prime. Then 

{(-l)^+^2c (modp) if8\p-l,p=c^ + 2d'^ andc=l (mod 4), 
-2V2d (mod p) if 8 \ p - 3, p = + 2d^ and d = 1 (mod 4), 

(mod p) ifp = 5,7 (mod 8) . 



Proof. Prom [BE, Theorems 5.12 and 5.17] we know that 

/x^ -Ax^ + 2x\ _ r (-l)[f]+i2c ifp = c2 + 2d2 = i,3(mod8) with4|c-l, 
^ V p / \ otherwise. 

As 27{x^ - Ax^ + 2x) = (3a; - 4)^ - 30(3a; - 4) - 56, we see that 



x'^ — Ax^ + 2x ' 



.=0 P 



_ /3\ ^ /(3a;-4)3-30(3a;-4)-56\ _ /3\ ^ - 30a: - 56 



py^^K p / vp/ — V p 



Thus, from the above we deduce 
(2.6) 



x=0 



1 I (-1) 8 (|)2c if p= 1 (mod 8), p = 0^ + 2^2 and 4 I c- 1, 

XI ( p ) = { (-l)^(i)2c ifp = 3 (mod8),p = c2 + 2d2 and4| c-1, 

if p = 5, 7 (mod 8). 
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Taking t = 2 in Theorem 2.1(i) and applying (2.6) we get 

/2)^Pp-i(\/2) 

2 

[p/4] Mfc\ (2k\ io p-1 



_p /nx-V-UnJ.- /-12\y^ / 2a;^-15a;-14 \ 

= %](o) = 2. = -[-y) 2. i j 

^ x=0 ^ x=0 ^ 

(-l)^2c (mod p) if 8 I p - 1, p = + 2(i^ and 4 | c - 1, 



-(-l)^2c (mod p) if 8 I p - 3, p = + 2^2 and 4 I c - 1, 
O(modp) ifp = 5,7 (mod 8). 



p-i 



If p = 1 (mod 8) and p = c^ + 2(P with c = 1 (mod 4) and d = 2"(/o(2 f 4), then (72)"^ 
2^ ^ (c/d)^ ^ (^)(^) = (f )(j;^) = (^)(^) = (I) = (-1)^ (mod p). 
If p = 3 (mod 8) and p = + 2(P with c = d = I (mod 4), then (f)^ = -2 = 
24^ (mod p) and so c/d = ±2^^ (mod p). As (^) = (|) (^) = [^l±^)[^l±^) = 

(— 1)^~8^ = (— 1)^ 8 ^ = (—1)^^ we see that c/d= —(—1)^ 2^ (mod p). Hence 
(-l)^2c(V^)-^ = -24^d- 2(^2)^^^ = -2^2^ (mod p). Now combining all of the 
above we obtain the result. 

Remark 2.1. In [Sul], using Pell sequence Zhi-Wei Sun made a conjecture related to 
Theorem 2.7. 

Theorem 2.8. Let p > 3 be a prime. Then 

{-1)'^2A (mod p) if 12 \ p - 1, p = A"^ + 3B'^ and A \ A - 1, 

Pe^{V^)={ (-1)^2Sv^ (modp) if 12 \p-7, p = A'^ + SB^ and 4:\ B -1, 
(mod p) ifp = '2 (mod 3) 



and 



2^(modp) ifl2\p-l,p = A'^ + 3B^and4:\A-l, 

Pp^ = \ -2V3B (mod p) if 12 \ p - 7 , p = A^ + 3B^ and4\B-l, 



(mod p) ifp = '^ (mod 3). 



Proof. Prom Theorems 2.1 and 2.3 we have 
— P 

2 

5\ _ r 2A{j) (mod p) if 3 | p - 1 and p = ^ 3B^, 
3/ \ (mod p) if p = 2 (mod 3). 

Thus the result is true for p = 2 (mod 3). Now suppose p = 1 (mod 3),p = A^ + 3B^ and 
A = 1 (mod 4). By [S2, p. 1317] we have 



(v^)-^Pp^(v^) 

= Pf£l 



L 4 J 



(2.7) 3[?] = I 



(|) (mod p) if p = 1 (mod 12), 

(|)f (mod p) if p = 7 (mod 12) and P = 1 (mod 4). 
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Thus, 



r (-3)V -2^(1) = {-1)'^2A (modp) if p = 1 (mod 12), 
P2^{^/^) = l (-3)'^^-2^(|) = (-l)^25v^(modp) 

[ if 12 I p-7 and 4 I S - 1. 

Taking a; = -3 in Lemma 2.5 we obtain (\/3)^Pp^(^) = (V^)^ ^^£^(7^) 
(mod p). Now combining all the above we obtain the result. 

p—1 2 

3. Congruences for Efc=o ^ ) (mod p^). 
Lemma 3.1. Let m and n he nonnegative integers. Then 




Lemma 3.1 can be easily proved by using WZ method. For the WZ method one may 
consult [PWZ]. Clearly the lemma is true for m = 0, 1. Using Mathematica we find both 
sides satisfy the same recurrence relation 

(m + l)(m + 2n + 2)(m - 2n)/(m) + (2m + 3){n? - 2r? + 3m - 2n + 2)/(m + 1) 
+ (m + 2)V(TO + 2) = 0. 

Thus the lemma is true. The proof certificate for the left hand is 

M_ /^^(2/c-TO-l)(2/c-m)(m + 2) 
^'^""'^^ " (m-fc + l)(m + 2-A;) ' 

and the proof certificate for the right hand is 

„ , /c^(m — n — /c)(m + n — /c + l)P(m, A;) 

R2{m,k) = ^ ; —:r- ; — -, 

where 

P(m, k) = SmnF' — 2n^k + m^ + 3mn — mk + Qn? — 2nk + 4m + 6n — 2/c + 4. 
Definition 3.1. Note that (^) i^^^) — i^^) i^^2k) ■ ^^"^ ^'^V nonnegative integer n we define 



-<^)=fi(:)cr)a>-|:aT( 



2k\ [n + k\ 
2k 
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Lemma 3.2. Let n be a nonnegative integer. Then 

Snix) = PniVT+^f and P^(xf = Sn{^^^). 
Proof. From (2.1) we have 

fe=0 \ / ^ / r=0 \ / \ / 

/X - 1\ /2/c\ /n + A;\ /2m - 2A;\ /n + m - A; 
„ V 2 J ^V^jv 2A; iVm-A; jv2m-2A; 

m=0 fe=0 \ ^ ^ ^ ^ ^ ^ 

On the other hand, 

fx^ -1\ f2kY fn + k\fx-l\''f x - l\k 



fe=0 ^ / ^ ^ r=0 

" ^ V 2 y f^V^J V 2A; )[m-k 

m=0 A;=0 ^ ^ ^ ^ ^ 

Hence, from the above and Lemma 3.1 we deduce 

Pnixf = Sn{^^^) and SO PniVT+^f = S^ix). 
This proves the lemma. 

Theorem 3.1. Let p be an odd prime and m & 'Zp with m ^ (mod p). Then 

P—I Q 



^ % ^ (\l^y (mod p^). 

k=0 



Proof. By Definition 3.1 and (1.1) we have 



/s=0 \ ^ \ ^ A;=0 

On the other hand, by Lemma 3.2 we get 



"^^2 ( 777,) ^2 (V'' ^2 ) 



Thus the result follows. 
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Theorem 3.2. Let p 2,7 be a prime. Then 



V ^ , £^ Sl_ ^ f (mod p^) ifp = 3, 5, 



6 (mod 7), 
= C^ + 7D^ = 1,2,4 (mod 7). 



Proof. Taking m = 1,4096 in Theorem 3.1 and then applying Theorem 2.5 we deduce 
the result. 

Remark 3.1 The congruence modulo p can be deduced from (1.2) and [O, Corollary 11]. 
Theorem 3.3. Let p be an odd prime. Then 

V = S ° (^^^ = ^ (^^^ 

^ (-8)'= ~ \ 4a2 - 2p (mod p^) if p = a'^ + Ab^ = 1 (mod 4). 

p — 1 

Proof. From Theorem 3.1 we have X]a;=o Ck) /(~8)'^ = Pp-i (3)^ (modp^). According 
to [S3, Corollary 2.3 and Theorem 2.9], we have 



Pp^(3) 



(mod p) if p = 3 (mod 4), 

(-l)'^(2a- ^) (modp2) ifp = a2 + 462 = 1 (mod 4). 



Now combining all the above we deduce the result. 
Theorem 3.4. Let p be an odd prime. Then 

Yl (_^i2)k = forp = 3 (mod 4), 

(") E7z|i)fc =0 ("^^d^'') /orp=5,7(mod8), 

fc=o ^ ' 

p—1 Q P— 1 Q 

("^) = = ("^^d^'') MP = 2(mod3). 

fc=0 fe=0 

Proof. Putting m — —512,-64,16,256 in Theorem 3.1 and then applying Theorems 
2.6-2.8 we deduce the result. 

Remark 3.2 Theorems 3.3 and 3.4 were conjectured by Zhi-Wei Sun in [Sul,Su3]. 

4. A general congruence modulo p^. 

Lemma 4.1. Let m he a nonnegative integer. Then 

^(2kV(Ak\( k \(_.,.rn-k^^('2k\Mk\f2{rn-k)\M{rn-k)\ 
^^\k) \2k)\m-k)^ ^ 2^^[kJ\2kJ\ m-k J\2{m-k)J- 
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We prove the lemma by using WZ method and Mathematica. Clearly the result is true 
for m = 0, 1. Since both sides satisfy the same recurrence relation 

1024(m + l)(2m + l)(2m + 3)S{m) - 8(2m + 3)(8m^ + 24m + 19)S(m + 1) 
+ {m + 2fS(m + 2) = 0, 
we see that Lemma 4.1 is true. The proof certificate for the left hand side is 

4096/g^(m + 2)(m - 2k){m - 2k + 1) 
{m-k + l){m-k + 2) ' 
and the proof certificate for the right hand side is 

16/c2(4m -4k+ l)(4m - 4k + 3){16m^ - 16mk + 55m - 26k + 46) 
(m- A; + l)2(m-/c + 2)2 " 

Theorem 4.1. Let p be an odd prime and let x be a variable. Then 

k=o \ / \ / fc=o \ y \ y 

Proof. It is clear that 

p-i 



£(;') (S)«-«»' 
=S(¥)'(S).'S(;).-r 



m—k 



k=0 \ / \ / r=0 

2(p-l) min{m,p-l} /o;\2/,,n / , 
m=0 A;=0 \ / \ / \ / 

Suppose p < m < 2p — 2 and < k < p — 1. If /c > |, then p | (^^^ and so | (^^) . If 
A; < |, then m — k>p — k>k and so (^'l^) = 0. Thus, from the above and Lemma 4.1 
we deduce 

p-i 



m—k 



m=0 k=0 
p— 1 m 

m=0 fc=0 

^2/c\/4fc\ f2{m-k)\(4{m-k)\ , 

^kJWr m-k )\2{m-k)r 



2k\ fAk\ /2(m - k)\ fA{m - k) 
k)\2k)\ m-k )\2{m-k) 



^Ef:)G:)^'E'c;)G: 

fe=o \ y \ y r=o \ / \ 



V 

X 



g0(i)--)'-ga*)e)-'|.(':)(3''--''' 
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Now suppose < k < p-1 and p-k < r < p-1. If k > thenp^ f {2k)\,p^ | (4fc)! and so 
(?) (£) = 1^-0 (-od p'). Iik<l then r > p - /.> ¥ and so (^;) (Z) = ^ 
(mod p^). If I < A; < f , then r > p - A;> f , p | (^;) and p \ (^^). If f < < ^, then 
r>p-k> Ip\ andp | Hence we always have (?) (".O = i^odp^) 



and so 

Now combining all the above we obtain the result. 

Corollary 4.1. Let p be an odd prime and m & 'Zp with m ^ (mod p). Then 

Proof. Taking x = ^^28^ "^ Theorem 4.1 we deduce the result. 
Lemma 4.2. Let p 6e a prime greater than 3. Then 

p-i 

P[£](Vt) = -^(x^ +4a;2 + 2(1 - Vi)x)^ (modp). 

x=0 



Proof. It is clear that 

p-i 



"^{x^ + 4a;2 + 2(1 - v^)a;)^ 



4\3 4^2 / 4^ \ 



x=0 



3 



_Y^/.2x.3 2(3Vt + 5) 2a; 8(9Vt + 7)\^ 
"^V*^y^ 3 3"^ 27 / 

= ( — ) ' ^(x^- -(3\/t + 5)a; + 9\/t + 7) ^ (mod p). 



a;=0 

By Theorem 2.1(ii), 

6^3 £^ 
(4.1) P[|](w) = -(-) 2J (a;^ - ;T(3w + 5)a; + 9w + 7) ^ (mod p) 

^ x=o ^ 

for w = 0, 1, . . . ,p — l. Since both sides are polynomials of u with degree at most (p— l)/2. 
By Lagrange's theorem, (4.1) is also true when u is a variable. Hence 

P[P](v^) = -(-)^(r'^--(3v^ + 5)x + 9v^ + 7) ^ (modp). 



Now combining all the above with the fact (^)^2 =(|) (mod p) we deduce the result. 
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Theorem 4.2. Let p be an odd prime, m E Zp, m ^ (mod p) and t = y^l — 256/m. 
Then 



fc=0 a;=0 



Moreover, if P[E]{t) = (mod p) or Yl^=o{^^ + + 2(1 — t)x)^2 = (mod p), t/ien 

^ Uj l2fej ^0 (niod/). 

fc=0 

Proof. For f < < p, (2,^) = ^ ^ (mod p). For | < /c < f , (J^ = ^ 
(mod p). Thus, p | {^^) (J^) for | < /c < p. Hence, by Lemmas 2.2 and 4.2, 

fc=0 \ / \ / a;=o 

This together with CoroUary 4.1 gives the result. 

Theorem 4.3. Let p = 1, 3 (mod 8) be a prime and so p = + 2d'^ with c,dEZ and 
c = 1 (mod 4) . Then 

EH#^-(-1)'*'"''^(2'=-|^) (mod/). 

fc=0 

Proof. By the proof of Theorem 2.7, 

P-I /2A;W4fc\ b/4] /2few4fc\ 

E " E 1^ " (-l)[t]+^2c (mod p). 

fe=0 fc=0 

Set Efe=J = (-l)t§]+'^2c + gj9. Then 

P-l /2fc\ MA;\ 2 

IaZM) = ((-l)[f]+^2c + gj9)2 = 4c2 + (-l)[f]+^4cgj9 (mod 

fe=0 

Taking x = in Theorem 4.1 we get 

P-l /2fc\2/4fc\ p-1 ^2k\ r4k\ 



P-^ f2k\^ f4k\ P-i /2fcW4A;\ 2 

y UM|J ^ IaAi^) (modp2). 

^ 256^= 128^= / ^ ^ 

fe=0 k=0 



From [M] and [Su2] we have Y^Hl Ckf itk) /'^^^'^ = " 2j9 (mod p^). Thus 

p-l /2fc\ /4fc\ 2 

4c2 - 2p = ( ^ 128^) = "^^^ + (-I)t8]+'^4cgj9 (mod 



fc=0 



and hence g = — (— 1)[8]+^2 J- (mod p). So the theorem is proved. 

We note that Theorem 4.3 was conjectured by Zhi-Wei Sun in [Sul]. 
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5. Congruences for YTJo 

Theorem 5.1. Let p ^ 2,3,7 be a prime. Then 



X \ A, / \ ^ ft,/ 

^ 648^= 

A;=0 

v^(S)!(a) 

X \ ft. / 

(_144)fc 

/c — 

^ (-3969)'= 



(mod p^) if p = 3 (mod 4), 

4a^ (mod p) if p = a? -\- 46^ = 1 (mod 4), 

(mod p^) z/p = 2 (mod 3), 

AA^ (mod p) z/p = ^2 + 3^2 = 1 (mod 3), 

(mod p^) z/p = 3, 5, 6 (mod 7), 

4C2 (mod p) z/p = C2 + 7L>2 = 1, 2, 4 (mod 7) . 



Proof. Taking m — 648, —144, —3969 in Theorem 4.2 and then applying Theorems 2.2-2.4 
and (1.6) we deduce the result. 

We remark that Theorem 5.1 was conjectured by the author in [S3]. 

Lemma 5.1 ([S4, Lemma 4.1]). Letp be an odd prime and let a, m, n be p-adic integers. 
Then 

p—i p~i 

+ a + a n) 2 = a 2 y^i^ + + nj 2 (mod p). 

x=0 x=0 



Moreover, if a, m, n are congruent to some integers modulo p, then 

E/x + a mx + a n\ /a\ s—^ /x + + n 
\ p J \pJ ^ V « 

K^O a;=0 



Theorem 5.2. Let p ^ 2, 3, 7 6e a prime. Then 



9 



_J (^^^^^)(y)2C (mod p) z/p = 1, 2, 4 (mod 7) an(i so p = + 7^)2 
(mod p) z/p = 3, 5, 6 (mod 7) 



and 



(T) (S) _ / p) z/p = 1,2,4 (mod 7) and so p = + 7D^' 



81^= 



O(modp^) z/p = 3, 5, 6 (mod 7). 



Proof. By (4.1), 

'5a/^7 



%(^)-(^)i: 



-(3 + V^)a; + 7 + 5V^) ' (modp). 



Since 



-1(3 + ^) /1-v^ 



-35 



and 
18 



7 + 5^^ /l-x/^\3 



-98 



( 2^/=7 ) ' 



by the above and Lemma 5.1 we have 



x=0 



P 



^ (modp). 



By the proof of Theorem 2.4, 
p-i 

(5.1) E ( 



^ ^ 'a;^ -35X-98 



-2C(^) ifp = C2 + 7D2 ^ 1,2,4 (mod 7), 
if p = 3,5,6 (mod 7). 



For p = 1, 2, 4 (mod 7) we see that 



■6\ /7 + v^\^ 



2 -(-7) 



Thus, from the above we deduce the congruence for P[£] (■^^^^) (modp). Applying Theorem 
4.2 (with m = 81) we obtain the remaining result. 

Theorem 5.3. Let p be a prime such that p = 1,9 (mod 20) and hence p = + hv^ for 
some integers u and v. Then 

P-I /2fc\2/4fc\ 



fc=0 



(-1024)' 



Proof. Taking m = —1024 and t = -\/5/2 in Theorem 4.2 we see that 



P-I (2k\^ (4:k\ p-1 

E \k) \2k) = 
(-1024)^= ~ V ^ 



k=0 ^ ' a;=0 

By [LM, Theorem 11] we have 



X 



3 + 4a;2 + (2- V5)x\\2 



V 



(mod p). 



a;=0 



+ 4a;2 + (2 - V5) 
V 



X 



±2w. 



Thus the result follows. 

Remark 5.1 Let p = 1 (mod 20) be a prime and hence p = + 46^ = v? + 5v^ with 
a,b,u,v e Z. A result of Cauchy ([BEW, p. 291]) states that 



2 
P-1 
20 



(mod p) if 5 f o, 
— 4tt^ (mod p) if 5 I a. 



Let m e {5, 13,37} and /(m) = -1024, -82944, -2^° • 21^* according as m = 5, 13 or 37. 
Suppose that p is an odd prime such that p\mf{m). In [Sul], Z.W. Sun conjectured that 

^ ^fc^ ^2 J = 2p - 2a;2 (mod p^) if (^) = (^) = _i and so 2p = x'^ + my^, 

J yTTt J 



k^O 



(mod p^) 



2 (^■^r.A 

2^ 



if(f) = -(f)- 
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Let p > 3 be a prime and let ¥p be the field of p elements. For m,n E¥p let ^Ep{x^ + 
mx + n) be the number of points on the curve Ep-. — + mx + n over the field Fp. It 
is well known that 

(5.2) #Ep(a;3 + ma; + n) =p+l + 2_] ( j- 

Let K = Q(^/^d) be an imaginary quadratic field and the curve = x^ + mx + n has 
complex multiplication by K. By Deuring's theorem ([C, Theorem 14.16],[PV],[I]), we have 

if p is inert in K, 

if p = TTTf in 

where tt is in an order in K and tt is the conjugate number of tt. If — v?' -\- dv"^ with 
f e Z, we may take tt = \{u-\- v\/^^). Thus, 

'x^ + mx + n\ f ±w if Ap = v? -\- dv"^ with u^v ^"L^ 

otherwise. 



(5.3) 



f p + 1 
#£;p(a;^ + ma; + n) = <^ 

yp + 1 — -K — n 



(5.4) J] ^'^ + mx + n ^ ^ | 




In [JM] and [PV] the sign of u in (5.4) was determined for those imaginary quadratic fields 
K with class number 1. In [LM] and [I] the sign of u in (5.4) was determined for imaginary 
quadratic fields K with class number 2. 

Theorem 5.4. Let p be a prime such that p = ±1 (mod 12). Then 

^2+^-^2x (mod p) ifp = x'^ + 9y^ = 1 (mod 12) with 3 | a; - 1, 
(mod p) if p = 11 (mod 12) 

and 

Ckfiit) ^ f (i^ocl p) ifp = x2 + 9y2 = 1 (mod 12), 
^ (-12288)'= ~ \ (mod p^) ifp = 11 (mod 12). 

Proof. From [I, p. 133] we know that the elliptic curve defined by the equation y"^ = 
x^ — (120 + 42v^)a: + 448 + 336\/3 has complex multiplication by the order of discriminant 
—36. Thus, by (5.4) and [I, Theorem 3.1] we have 

^"^ -n^ - (120 + 42^3)0; + 448 + 336v^\ 



E(- 



n=0 P 

-2x(^±^) if p = + 9y2 = 1 (mod 12) with 3 | a; - 1, 
if p= 11 (mod 12). 

By (4.1), 

'6\v^/ 3 60 + 21\/3) 28 + 2lV3\^ 



^ r 7 ^\ /6\V^/o 60 + 21V3) 
%l(l2^)--(p)E(«' + 



n=0 

/6\ _ 60 + 21^) n 28 + 2lV3\^ 

\p)^\^V 8 4^ 4 / 



n=0 



(120 + 42V3)a; + 448 + 336^^ ^^^^ 
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Now combining all the above we obtain the congruence for P[^]{j2^^) ("lod p). Applying 
Theorem 4.2 we deduce the remaining result. 

Remark 5.2 In [Sul, Conjecture A24], Z.W. Sun conjectured that for any prime p > 3, 



E V k 
(-1 



k^o (-12288)'= 

(-l)[f](4a;2 - 2p) (mod p) if p = + = 1 (mod 12) and 4 | x - 1, 
-4:(^)xy (mod p^) if p = a;^ + = 5 (mod 12) and 4 | a; - 1, 

(mod p2) if p = 3 (mod 4). 

Theorem 5.5. Let p be an odd prime such that p ^ S and (^) = 1. Then 

Ck)\tl) ^ f 42^' (mod p) ifp = x2 + 13y2 ^ 1 (mod 4), 
^ (-82944)^= ~ \ (mod p^) ifp = 3 (mod 4). 

Proof. From [LM, Table II] we know that the elliptic curve defined by the equation 
y"^ = + Ax"^ + (2 — |\/I3)a; has complex multiplication by the order of discriminant —52. 
Thus, by (5.4) we have 

^ /n^ + 4n2 + (2 - |^)n\ j 2x if p = 1 (mod 4) and so p = + 13y2, 
^ ^~lO ifp = 3(mod4). 

ig m = —2^^ 

the result 



n=0 

no- m ^ _9l0..q4 5,^^ ^ ^ 

18 

37 > 



Now taking m = —2^° • 3^ and t = jsV^^ in Theorem 4.2 and applying the above we deduce 



Theorem 5.6. Let p be an odd prime such that p ^ 3,7 and (^) = 1. Then 

Ckfiik) _ / (mod p) ifp=l (mod 4) and so p = x'^ + 37y^, 



k=0 



(_2io.2l4)fe iO(modp2) z/p = 3(mod4). 



Proof. From [LM, Table II] we know that the elliptic curve defined by the equation 
= x^ + Ax"^ + (2 — i|Y\/37)x has complex multiplication by the order of discriminant 
-148. Thus, by (5.4) we have 

^ /n^ + 4n2 + (2 - yf\/37)n\ j 2x if p = 1 (mod 4) and so p = + 37^^, 
p ^~l0 ifp = 3(mod4). 

Now taking m = —2^^ ■ 21^ and t = Hf a/S? in Theorem 4.2 and applying the above we 
deduce the result. 

Let b e {3,5,11,29} and f{b) = 48^12^,15842,396^ according as 6 = 3,5,11,29. For 
any odd prime p with p f bf{b), Z.W. Sun conjectured that ([Sul, Conjectures A14, A16, 
A18 and A21]) 

1 2A; 2 4A; f 4a;2 - 2p (mod p2) if (|) = (^) = 1 and so p = + 26y2, 
(5.5) ^-GiiMl^ J 2p-8a;2 (modp2) if (|) = (^) = -1 and so p = 2a;2 + 

[o(modp2) if(i) = -(^). 

Now we partially solve the above conjecture. 
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Theorem 5.7. Let p be an odd prime such thatp= ±1 (mod 8). Then 

' 2V2 \ ^ f (-l)^(^)(f )2a; (mod p) if p = x'' + 6y^ = 1,7 (mod 24), 



3 / [O(modp) i/p= 17,23 (mod 24) 

and 

ilfitl) ^ r (niod p) ifp = x' + 6y' ^ 1, 7 (mod 24), 

^ 482^= { (mod p2) ifp = 17,23 (mod 24). 

Proof. From [I, p. 133] we know that the eUiptic curve defined by the equation y'^ — 
+ (—21 + 12^/2)x — 28 + 22-\/2 has complex multiphcation by the order of discriminant 
-24. Thus, by (5.4) and [I, Theorem 3.1] we have 



^ ^ 'n^ + (-21 + 12V2)n - 28 + 22^2^ 



E 

n=0 



By (4.1), 



Since 



2a;(^)(i^) if p = 1,7 (mod 24) and so p^x^+6y^, 
ifp = 17,23 (mod 24). 

^[^1 (^) ^ ~ ( J 5Z r 2 + 7 + 6v^) (mod p). 

n=0 



-(15 + 6V2)/2 /y2 + l\2 7 + 6^2 /y2 + l\3 

— ' ' and — ' ' 



-21 + 12^2 V \/2 / -28 + 22\/2 V ^ 

by Lemma 5.1 and the above we have 

^^2^2^ _ j^6j 1^72(^2 + l)jg |^n3 + (-21 + 12\/2)n- 28 + 22\/2^ 



n=0 



-(^)(^)2a;(f ) (mod p) if p = a;^ + Gy^ = 1,7 (mod 24), 
(mod p) if p = 1 7, 23 (mod p) . 

This yields the result for P[E]{^) (mod p). Taking m = 48^ and t = §^2 in Theorem 4.2 
and applying the above we deduce the remaining result. 

Theorem 5.8. Let p be a prime such that p = ±1 (mod 5). Then 

^ Pfc)'© _ / i^odp) ifp = x^ + 10y^ = l,9,n,19 (mod 40), 

fe=0 



124fc lO(modp2) i/p = 21,29,31,39 (mod 40). 



Proof. From [LM, Table II] we know that the elliptic curve defined by the equation 
y'^ = x^ + 4x^ + (2 — ^\/5)x has complex multiplication by the order of discriminant —40. 
Thus, by (5.4) we have 

^ /n^ + 4v? + (2 - f V5)n\ _ { 2x if p = 1, 9, 11, 19 (mod 40) and so p = a;^ + lOy^, 
p >' ~ I ifp = 21,29,31,39 (mod 40). 

Now taking m = 12^^ and t — |\/5 in Theorem 4.2 and applying the above we deduce the 
result. 
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Theorem 5.9. Let p be a prime such that p = ±1 (mod 8). Then 

J2 ('k)\tt) _ / p) zf (^) = landsop = x^ + 22y\ 



k=0 



15842fc \ (mod ,/ (JL) ^ _i. 



Proof. Prom [LM, Table II] we know that the eUiptic curve defined by the equation 
y2 = 3.3 _|_43.2 -I- (2 — ^V^)^ has complex multiplication by the order of discriminant —88. 
Thus, by (5.4) we have 

^ /n3 + 4n2 + (2 - ^V2)n\ _ ( 2x if (^) = 1 and so p = a;^ + 22y2, 

;^o^ p ^"lo if(^) = -i- 

Now taking m = 15842 and t = |§\/2 in Theorem 4.2 and applying the above we deduce 
the result. 

Theorem 5.10. Let p be an odd prime such that (y) = 1. Then 



k ) [2k) 

396^'' ~ \ (mod /) if p = 5,7 (mod 8). 



g C^fitl) _ f 42^^ (mod p) z/p = x2 + 582/2 = 1, 3 (mod 8), 

fc=0 



Proof. Prom [LM, Table II] we know that the elliptic curve defined by the equation 
j/2 = 3.3 _|_ 43,2 -|- (2 — ^^^/29)x has complex multiplication by the order of discriminant 
-232. Thus, by (5.4) we have 



^ ^ -n^ + 4n2 + (2 - ^V2^)n^ ( 2x if p = 1, 3 (mod 8) and so p = a;2 + 58y2, 

if p = 5,7 (mod 8). 



g^^ n3 + 4n2 + (2-|gfy29)n ^^_ 



n=0 

Now taking m — 396^ and t — ||§y\/29 in Theorem 4.2 and applying the above we deduce 
the result. 

Theorem 5.11. Let p be an odd prime such that p = 1, 5, 19, 23 (mod 24). Then 
J2 (?)^(2fc) _ / 42^^ (mod P) «/P = 1, 19 (mod 24) and so p = x^ + 18y^, 

k=0 



28^^= i (mod p2) ifp = 5, 23 (mod 24). 



Proof. Prom [LM, Table II] we know that the elliptic curve defined by the equation 
= 3.3 _|_ 43,2 -I- (2 — 11^6)2; has complex multiplication by the order of discriminant —72. 
Thus, by (5.4) we have 

P-i .^3 ^ 4^2 + (2 - §y/6)n\ ( 2x if p = 1, 19 (mod 24) and so p = a;2 + 18y^, 



n=0 



p / [0 if j9 = 5,23 (mod 24). 



Now taking m = 28^ and t = |§a/6 in Theorem 4.2 and applying the above we deduce the 
result. 

Remark 5.3 Let p 7^ 2, 7 be a prime. Z.W. Sun conjectured that ([Sul, Conjecture A28]) 

i^k) ^ iik) _ / 4x2 - 2p (mod p) if p = x2 + 2y2 = 1, 3 (mod 8), 
^ 284^= " \ (mod p2) ifp = 5,7 (mod 8). 
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Theorem 5.12. Let p be an odd prime such that p = ±1 (mod 5). Then 

(-214 . 34 . 5)fe - j (mod p2) i/p = 3 (mod 4). 



Proof. From [LM, Table II] we know that the eUiptic curve defined by the equation 
j/2 — _|_ ^^2 _|_ _ l|iy/5)a; i^Qjg complex multiplication by the order of discriminant 
-100. Thus, by (5.4) we have 

P-l ^3 , /|^2 , /o _ 161 r if ,^ - ^2 ,oK..2 



+ 4n2 + (2- i§V5)n^ f 2x ifp = x^ + 25y^, 

ifp = 3(mod4). 



^ ^ n^ + 4n^ + (2-^v/5)n ^^ ^ | 

n=0 ^ 



Now taking m = —2)-^ •3^-5 and t = in Theorem 4.2 and applying the above we 

deduce the result. 

Remark 5.4 Let p > 5 be a prime. Z.W. Sun made a conjecture ([Sul, Conjecture A25]) 
equivalent to 

p_i /2fc^2/4fc^ ( 4x^ - 2p {mod p) iip = x^ + 25y^, 

C_2i4 . 34 5U = { ~^^y ifp^x^ + y^ with 5\x-y, 

^==0 I (mod p2) if p = 3 (mod 4). 
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